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Modelling Heterogeneity in Malaria Transmission Dynamics: Application of 

Kumaraswamy-Weibull Model to a High Burden Setting 

 E. E. Akarawak1, M. I. Ekum2, S. O. Are3, B. F. Ajibade4, M. O. Adeniyi5, A. A. I. Ojeniyi5, and        

A. S. Ogunsanya6,1 

Nigeria bears the highest global malaria burden, accounting for approximately 27% of global malaria 

cases and 32% of malaria deaths, although progress in control remains unchanged despite substantial 

investments. This study introduced the Kumaraswamy-Weibull (KW) distribution to better model malaria 

transmission dynamics, addressing limitations of traditional exponential and gamma distributions that 

inadequately represent the bounded, right-skewed nature of key biological processes such as the extrinsic 

incubation period (EIP). A temperature-dependent Kw-W model was developed for the EIP, 

incorporating climatic variables as functional parameters and comparing model performance against 

standard distributions using the Watanabe-Akaike Information Criterion (WAIC). The Kw-W distribution 

demonstrated superior fit to EIP data when compared with exponential models, capturing the bounded, 

heterogeneous nature of parasite development. Temperature significantly influenced both scale and 

shape parameters, revealing that higher temperatures not only accelerate development, but also increase 

its variability and reduce synchrony within mosquito populations. Integration into a modified Ross-

Macdonald framework yielded R0 estimates lower than exponential-based models during peak 

transmission seasons, suggesting conventional approaches may overestimate transmission potential. The 

framework enabled optimisation of intervention timing, identifying temperature-adjusted schedules that 

differed by 2-3 days from standard recommendations and could increase indoor residual spraying 

effectiveness by 12-18%. The Kumaraswamy-Weibull model provides a flexible, biologically grounded 

statistical framework for malaria modelling that offers more accurate estimates of transmission 

dynamics and enables precision intervention timing, offering mathematical epidemiology with direct 

applications to malaria elimination strategies in high-burden settings. 
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1.0 Introduction 

Malaria remains one of the world’s most devastating vector-borne diseases, with the World Health 

Organisation (WHO) African Region accounting for approximately 95% of global cases and 96% 

of deaths in 2022 (World Health Organisation (WHO), 2023). Within this context, Nigeria presents 

a persistent and formidable challenge, bearing an estimated 27% of the global malaria burden and 
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31% of malaria-attributable mortality (WHO, 2023; National Malaria Elimination Programme, 

Nigeria, 2021). This disproportionate burden persists despite decades of substantial international 

investment and the implementation of core interventions, including long-lasting insecticidal nets 

(LLINs), indoor residual spraying (IRS), and artemisinin-based combination therapies (ACTs). 

The nation’s 2021-2025 National Malaria Strategic Plan outlines ambitious elimination goals, yet 

progress has been uneven, and transmission intensity remains high across diverse ecological zones 

(Federal Ministry of Health, 2021). This discrepancy between considerable resource input and sub-

optimal epidemiological outcomes underscores a critical gap: the need for more sophisticated 

analytical tools that can accurately capture and predict the complex, heterogeneous nature of 

malaria transmission to guide more effective, targeted control. 

Mathematical models have long served as essential instruments for unpacking the dynamics of 

malaria transmission and projecting the impact of interventions. The foundational Ross-

Macdonald framework and its numerous derivatives have provided invaluable insights (Smith et 

al., 2012; Adeniyi et al., 2023). However, these models frequently rely on simplifying statistical 

assumptions that may obscure biologically important heterogeneity. A pivotal example is the 

modelling of the extrinsic incubation period (EIP) — the temperature-dependent interval during 

which malaria parasites develop within the mosquito vector to become transmissible. 

Conventionally, the EIP is represented using exponential or gamma distributions, which assume 

constant hazard rates or fixed shape parameters (Lunde et al., 2013). These assumptions fail to 

encapsulate three fundamental characteristics observed in biological systems: (1) boundedness, as 

development cannot occur faster than biochemical limits permit nor slower than the mosquito’s 

lifespan; (2) pronounced right-skewness, where most mosquitoes complete development within a 

modal range, but a non-negligible tail exhibits prolonged incubation; and (3) temperature-

dependent shape changes, whereby thermal conditions influence not only the mean development 

rate but the entire distribution’s variance and skew. This oversimplification can lead to significant 

biases in estimating key metrics such as the basic reproduction number (R0) and ultimately 

misinform the timing and prioritisation of control measures (Beck-Johnson et al., 2017). 

To address these limitations, this study introduces a novel application of the Kumaraswamy 

generalised (Kw-G) family of distributions to malaria transmission modelling. Originally 

conceived for hydrological variables bounded on the interval (0,1) (Kumaraswamy, 1980), the 

Kumaraswamy distribution possesses unique properties advantageous for epidemiological 

modelling. Its bounded support naturally aligns with biologically constrained processes. Its two 

shape parameters offer exceptional flexibility in capturing diverse distributional forms, including 

various degrees of skewness and kurtosis (Cordeiro & de Castro, 2011). Crucially, it retains 

tractable closed-form expressions for its cumulative distribution and quantile functions, facilitating 

efficient parameter estimation and simulation (Job & Ogunsanya, 2022) studied the Weibull 

logistic{exponential} distribution and applied to survival data.  Sahlabana et al., (2025) used 

Bayesian probability to model malaria dataset to fit elicited expert knowledge of transmission of 

malaria. Nwaigwe et al., (2026) deployed the Markov chain concept to predict the incidence of 
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malaria in Nigeria, the work further compared the performance of the models across states. When 

generalised through the T-X family framework to incorporate any baseline distribution G(x) 

(Alzaatreh et al., 2013), the resulting Kw-G family becomes a powerful, adaptable toolkit for 

representing complex stochastic processes inherent in disease dynamics. 

This research is the first to formally bridge the Kw-G statistical framework with malaria 

epidemiology, proposing its use to model the EIP and other temperature-sensitive components of 

the transmission cycle within Nigeria’s high-burden setting. The novelty of this work is fourfold. 

First, it establishes direct biological interpretations for the Kw-G shape parameters in an 

epidemiological context: parameter a is conceptualised as modulating development synchrony 

within the mosquito population, while parameter b controls population-level heterogeneity in 

physiological response. Second, it advances beyond standard practice by formulating these 

parameters as temperature-dependent functions, thereby capturing how thermal stress alters not 

just the average pace of parasite development but also its predictability and variability across 

vectors. Third, it leverages the distribution’s closed-form quantile function to propose a quantile-

based methodology for optimising intervention timing, such as the scheduling of IRS, moving 

beyond decisions based solely on mean values. Finally, it constructs a unified modelling 

framework that integrates entomological, clinical, and environmental data through statistically 

consistent parameters, enhancing model realism and empirical grounding. 

The primary aim of this study is therefore to develop, parameterise, and validate a temperature-

dependent Kumaraswamy-Weibull model for the EIP using data from Abuja, Nigeria, and to 

integrate this model into a modified Ross-Macdonald framework to re-estimate transmission 

dynamics. We assess its performance against traditional exponential and gamma distribution 

models and demonstrate its utility in refining estimates of R0 and optimising intervention 

strategies. The beneficiaries of this work are multifold. For public health policymakers and 

programme managers in Nigeria and similar high-burden settings, it provides a more accurate tool 

for strategic planning and resource allocation. For the mathematical epidemiology and statistical 

modelling community, it introduces a flexible new family of distributions for representing 

bounded, heterogeneous biological processes. Ultimately, by providing a finer-grained 

understanding of transmission heterogeneity, this work seeks to contribute to the more efficient 

and effective deployment of interventions, supporting progress towards Nigeria’s malaria 

elimination goals. 

2.0 Materials and Methods 

2.1 Study Design and Data Acquisition 

This study employs a hybrid empirical-modelling design, integrating longitudinal surveillance data 

with a novel mathematical framework. The primary study area is the Federal Capital Territory of 

Abuja, Nigeria (8.8949◦ N, 7.2706◦ E), representing a mesoendemic transmission zone with 

distinct wet (April–October) and dry (November–March) seasons (Akinbobola & Omotosho, 

2020). Three complementary data streams were harmonised: 
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Epidemiological Data: Monthly counts of microscopy-confirmed Plasmodium falciparum cases 

for all age groups were obtained from the Nigeria Centre for Disease Control (NCDC) and the 

National Malaria Elimination Programme (NMEP) for the period January 2000–December 2013. 

This 168-month series captures multiple intervention cycles and climatic variations. 

Biophysical Data: Daily meteorological records (mean temperature, relative humidity, total 

rainfall) from the Abuja International Airport station were acquired from the Nigerian 

Meteorological Agency (NiMet) and aggregated to monthly means. Land surface temperature 

(LST) and normalised difference vegetation index (NDVI) data at 1km resolution were sourced 

from MODIS Terra to account for urban–rural environmental gradients. 

Entomological Parameters: Species-specific parameters for dominant vectors (Anopheles gambiae 

s.s. and An. coluzzii), including mortality rates, biting propensity, and temperature-dependent 

development traits, were extracted from published laboratory studies and systematic reviews 

(Mordecai et al., 2013; Bayoh et al., 2014). 

Data underwent rigorous quality control: case counts were adjusted for reporting completeness 

using health facility utilisation trends; meteorological outliers were identified via Tukey’s fences; 

and entomological parameters were validated against locally published field studies. Table 1 

presents the processed descriptive statistics. 

Table 1: Summary Statistics of Key Variables for Abuja, Nigeria (2000–2013) 

Variable Mean SD Min Median Max Source 

Monthly Cases 1842 623 892 1710 3217 NMEP/NCDC 

Temperature (°C) 32.4 2.1 27.1 32.6 36.8 NiMet 

Relative Humidity (%) 68.3 12.4 42.0 71.0 89.0 NiMet 

Rainfall (mm) 137.5 112.3 0.0 110.2 389.0 NiMet 

EIP (days, at 28°C) 12.1 2.3 9.5 12.0 18.0 Mordecai et al. 

2.2 The Kumaraswamy-Generalised (Kw-G) Framework: Formal Specification 

The Kw-G family is constructed via the transformed-transformer (T–X) method (Alzaatreh et al., 

2013). Let T ∼ Kumaraswamy(a,b) be a random variable with density 

 fT(t;a,b) = abta−1(1 − ta)b−1, t ∈ (0,1), a > 0, b > 0.    (1) 
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Let G(x;ξ) be the CDF of any absolutely continuous baseline distribution with parameter vector ξ 

∈ Ξ ⊂ Rd. The CDF of the Kw-G family is defined by the transformation: 

X = G−1(T): 

 .     (2) 

The corresponding PDF is obtained by differentiation: 

 ,   (3) 

where g(x;ξ) = dG(x;ξ)/dx. 

2.2.1 Novel Properties and Their Epidemiological Relevance 

The Kw-G family possesses several rare properties that are particularly advantageous for 

modelling biological processes: 

Property 1 (Closed-Form Quantile Function). The quantile function QKwG(u), u ∈ (0,1), exists in 

closed form: 

 .     (4) 

This enables direct simulation and exact calculation of intervention thresholds (e.g., “spray when 

75% of infected mosquitoes become infectious”), a computational advantage over distributions 

requiring numerical root-finding. 

Property 2 (Biologically Interpretable Shape Parameters). The parameters a and b have distinct 

and interpretable effects on the distribution’s shape, which we formalise for the first time in an 

epidemiological context: 

Synchrony Parameter (a): For a > 1, the density is left-shifted with a mode near the lower bound, 

indicating highly synchronous development where most vectors complete the EIP rapidly. For 0 < 

a < 1, the density is right-shifted with a heavy tail, representing asynchronous development where 

a sub-population experiences prolonged incubation. Biologically, a can be linked to genetic 

homogeneity and thermal uniformity within the mosquito population. 

Heterogeneity Parameter (b): Governs the concentration of probability mass. For b > 1, the 

distribution becomes more peaked (platykurtic), indicating low phenotypic variance. For 0 < b < 

1, the distribution is flattened (leptokurtic), signifying high heterogeneity in individual 
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physiological responses. This can reflect variability in parasite load, mosquito nutritional status, 

or immune competence. 

Property 3 (Moments in Terms of Baseline Distribution). The r-th raw moment can be expressed 

as an infinite series involving the baseline moments, but more usefully, the mean and variance can 

be derived as: 

 ,       (5) 

where          ,  

 ,     (6) 

where EG[X(c)] denotes the c-th moment of the baseline distribution G. This property allows us 

to directly model how changes in a and b affect the expected duration and variability of the EIP, 

linking statistical parameters to population-level transmission metrics. 

Proof of the Density Function 

Starting from the transformation X = G−1(T) where T follows (1), we apply the change-of-

variables formula. The inverse transformation is t = G(x). The Jacobian is |dt/dx| = g(x). Therefore, 

, 

which is exactly (3). This derivation confirms that the Kw-G family is a proper probability 

distribution for any valid baseline G. 

2.2.2 Kumaraswamy–Weibull distribution (Kw-W). 

Cadeiro et al. (2010) introduced and studied the Kumaraswamy-Weibull distribution, where it was 

applied to a failure dataset 

Cumulative density function (CDF) 

    (7) 
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Probability density function (PDF): The Pdf of Kw-W is given by 

 

(8) 

Given the parameters  

2.3 Specification of the Temperature-Dependent KumaraswamyWeibull (Kw-W) Model 

for the EIP 

We model the extrinsic incubation period (EIP) as a Kumaraswamy-Weibull (Kw-W) random 

variable XEIP ∼ Kw-W(a(T),b(T),λ(T),k). The Weibull baseline is chosen for its flexibility in 

hazard shapes: G(x;λ,k) = 1 − exp[−(x/λ)k], with g(x;λ,k) = 

(k/λ)(x/λ)k−1e−(x/λ)k. 

The full PDF of our temperature-dependent Kw-W model is: 

𝑓𝐸𝐼𝑃(𝑥|𝑇) = 𝑎(𝑇)𝑏(𝑇)
𝑘

𝜆(𝑇)
(𝑥/𝜆(𝑇))

𝑘−1
𝑒−(𝑥/𝜆(𝑇))

𝑘

· 𝐴(𝑥, 𝑇)𝑎(𝑇)−1 · [1 − 𝐴(𝑥, 𝑇)𝑎(𝑇)]
𝑏(𝑇)−1

 

           (9) 

where A(x,T) = 1 − e−(x/λ(T))k. 

Biological Parameterisation of Temperature Dependencies 

Crucially, all scale and shape parameters are modelled as explicit functions of ambient temperature 

T (in Kelvin), moving beyond the common practice of holding shape parameters constant. 

1. Scale Parameter, λ(T): Represents the characteristic time scale of parasite development. We 

model it using an Arrhenius-type relationship derived from biochemical kinetics: 

  .      (10) 

Here, λ0 is the scale at reference temperature Tref (set to 298.15 K, 25°C), Ea is the effective 

activation energy for parasite maturation (in eV), and kB is the Boltzmann constant (8.6173×10−5 

eV/K). This formulation captures the exponential acceleration of development with increasing 

temperature up to an optimal point. 

2. Synchrony Parameter, a(T): Governs the skewness and mode of the EIP distribution. We propose 

a decaying exponential relationship: 
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 a(T) = a0 · exp[−ϕa(T − Tref)].      (11) 

The coefficient ϕa > 0. Biologically, this posits that at higher temperatures, development becomes 

less synchronous (a(T) decreases). This could be due to increased variance in microclimates 

experienced by larvae and adults, or to differential thermal tolerance among parasites, leading to a 

more dispersed (right-skewed) distribution of incubation times. 

3. Heterogeneity Parameter, b(T): Controls the kurtosis and tail weight of the distribution. We 

model it with a linear relationship: 

 b(T) = b0 + ψb(T − Tref), ψb ∈ R.     (12) 

A positive ψb indicates that higher temperatures increase population heterogeneity (b(T) 

increases), making the distribution more peaked but with heavier tails. This may reflect the 

emergence of sub-populations with distinct thermal optima or the compounding of other stress 

factors at temperature extremes. 

4. Shape Parameter, k: The Weibull shape parameter, controlling the baseline hazard function 

(increasing if k > 1, decreasing if k < 1), is held constant (k(T) = k0) for initial model parsimony, 

as preliminary analyses suggested less systematic variation with temperature compared to a and b. 

This parameterisation is a key novelty: it allows temperature to modulate not just the mean EIP via 

λ(T), but the fundamental shape of its probability distribution via a(T) and b(T), offering a more 

mechanistically realistic description of thermal effects. 

2.4 Integration into a Modified Ross-Macdonald Transmission Framework 

We embed the Kw-W EIP model within a modified Ross-Macdonald dynamic model structured by 

parasite development stages. The human population is considered partially immune with recovery 

rate r. The vector population dynamics incorporate temperature-dependent mortality µ(T). 

The core modification lies in calculating the probability a mosquito survives the EIP. In the 

classical model, this is pn, where p is the daily survival probability, and n is a fixed integer EIP. In 

our formulation, the EIP XEIP is a random variable with PDF fEIP(x|T). The probability a 

mosquito infected at age 0 survives to become infectious is: 

       (13) 

This is the Laplace transform of the EIP distribution evaluated at the mortality rate µ(T). For the 

Kw-W model, this integral is computed numerically. 

The temperature-dependent basic reproduction number is then: 
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  .    (14) 

Biological Definitions of All Parameters in (14): 

m(T): Vector-to-host ratio. Modelled as a function of temperature and rainfall-driven larval habitat 

availability. 

α(T): Mean mosquito biting rate (bites per mosquito per day). Increases with temperature up to a 

physiological limit (Mordecai et al., 2013). 

β: Probability of transmission from an infectious mosquito to a susceptible human per bite. 

Assumed constant. 

γ: Probability of transmission from an infected human to a susceptible mosquito per bite. Assumed 

constant. 

ζ(T): Probability an infected mosquito survives the EIP to become infectious, defined in (13) 

(replaces pn). This is the critical term incorporating the full Kw-W EIP distribution. 

p(T) = e−µ(T): Daily probability of mosquito survival. 

µ(T): Instantaneous daily mortality rate of adult mosquitoes. Modelled as a quadratic function of 

temperature (Bayoh et al., 2014). 

r: Human recovery rate from infectious to non-infectious state. Modelled as r ∼ Kw-Beta(ar,br) to 

capture heterogeneity in immunity and treatment access. 

2.5 Bayesian Parameter Estimation and Model Comparison 

We adopt a Bayesian hierarchical framework to estimate the joint posterior distribution of all 

parameters given the observed data. Let Θ = {λ0, Ea, a0, ϕa, b0, ψb, k0, θother} denote the full 

parameter vector, where θother includes additional parameters for the transmission model (e.g., 

biting rates, mortality coefficients). The posterior distribution is given by Bayes’ theorem: 

 p(Θ | y,T) ∝ p(y | Θ,T) · p(Θ),      (15) 

where y = {y1,...,yn} is the vector of monthly malaria incidence counts over n = 168 months (2000-

2013), T = {T1,...,Tn} is the corresponding vector of monthly mean temperatures, p(y | Θ,T) is the 

likelihood, and p(Θ) is the joint prior distribution. 

Likelihood and Observation Model 
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The expected number of cases in month i, denoted µi = E[yi], is modelled through a deterministic 

transmission function derived from the modified Ross-Macdonald framework: 

 ,    (16) 

where Si is the susceptible population, Ii is the infectious population, N is the total population, 

R0(Ti;Θ) is the temperature-dependent basic reproduction number defined in Equation (14), and 

ϵbase accounts for baseline case reporting not explained by the transmission model. The 

susceptible and infectious populations are tracked dynamically using difference equations with 

birth, death, and recovery rates. 

To account for over-dispersion common in disease count data—arising from heterogeneous 

reporting, environmental stochasticity, and aggregation—we use a Negative Binomial observation 

model: 

yi | Θ,Ti ∼ Negative-Binomial(µi(Θ,Ti),ϕ), with probability mass function: (17) 

 ,     (18) 

where µi > 0 is the mean, ϕ > 0 is the dispersion parameter, and Var[yi] = µi +µ2i/ϕ. 

This reduces to the Poisson distribution as ϕ → ∞. 

Prior Distributions 

We specify weakly informative priors that constrain parameters to biologically plausible ranges 

while allowing the data to dominate inference. For parameters of the Kw-W EIP model: 

 Mean = α/β = 24 days, 

λ0 ∼ Gamma(α = 12,β = 0.5) Mode = (α − 1)/β = 22 days, 

Supports characteristic EIP at 25°C 

Ea ∼ Gamma(α = 0.7,β = 10) 

Mean = 0.07 eV, Mode = 0.065 eV, 

Constrained to biochemical range [0.6, 0.7] eV 

a0 ∼ Gamma(α = 2,β = 1) 
Mean = 2, Variance = 2, 
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Positive support for synchrony parameter 

b0 ∼ Gamma(α = 2,β = 1) Same prior as a0 for heterogeneity 

Mean = 0.005, Variance = 0.0005, 

ϕa ∼ Gamma(α = 0.05,β = 10)  

Small positive temperature coefficient 

ψb ∼ Normal(µ = 0,σ = 0.1) Symmetric prior allowing positive/negative effect k0 ∼ Gamma(α = 

2.5,β = 1) Mean = 2.5, Supports increasing hazard (k > 1). For the dispersion parameter and 

transmission model parameters: 

 ϕ ∼ Gamma (α = 5,β = 1) Mean = 5, Moderate over-dispersion 

 α0 ∼ Log Normal(µ = log(0.3),σ = 0.5) Biting rate coefficient 

µ0 ∼ Gamma (α = 3,β = 1) Baseline mosquito mortality rate r ∼ Beta(α = 10,β = 90)

 Recovery rate, mean 0.1 day−1 

All priors are assumed independent: p(Θ) = Qj p(θj). 

Inference and Computation 

Posterior inference was performed using Hamiltonian Monte Carlo (HMC) implemented in Stan 

(version 2.31.0) (Carpenter et al., 2017). The HMC algorithm utilises gradient information from 

the log-posterior to efficiently sample from high-dimensional distributions. We ran 4 independent 

Markov chains, each with 2000 iterations after 1000 warm-up iterations, yielding 4000 posterior 

samples after discarding warm-up. Convergence was assessed using: 

The Gelman-Rubin diagnostic Rˆ (Gelman and Rubin, 1992), with all parameters 

 satisfying R <ˆ 1.01. 

Effective sample size (ESS) for each parameter, with all ESS > 400 (10% of total samples). 

Visual inspection of trace plots showing good mixing and stationarity. 

Posterior predictive checks were conducted by generating replicated datasets yrep from the 

posterior predictive distribution: 

 𝑝(𝒚rep|𝒚) = ∫ 𝑝(𝒚rep|𝚯)𝑝(𝚯|𝒚)𝑑𝚯.     (19) 
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We compared the empirical distribution of yrep to the observed data y using test quantities including 

maximum monthly incidence, seasonal amplitude, and autocorrelation at lag 1 and 12 months. 

Model Comparison and Selection 

We compared the full Kw-W model against three nested alternative models for the EIP distribution: 

1. Exponential EIP Model: 

 ,     (20) 

where λ(T) follows Equation (10). This is a special case of the Kw-W model with 

a = b = k = 1. 

2. Gamma EIP Model: 

 ,      (21) 

with shape α constant and rate β(T) temperature-dependent via an Arrhenius relationship. 

3. Weibull EIP Model: 

 ,     (22) 

which is equivalent to the Kw-W model with a = b = 1. 

Model comparison was bas ed on information criteria that approximate out-of-sample predictive 

accuracy: 

Watanabe-Akaike Information Criterion (WAIC) (Watanabe, 2010): 

𝑊𝐴𝐼𝐶 = −2 [∑ 𝑙𝑜𝑔𝑛
𝑖=1 (

1

𝑆
∑ 𝑝(𝑦𝑖|

𝑛
𝑖=1 Θ(𝑠)) −  ∑ 𝑣𝑎𝑟𝑠(𝑙𝑜𝑔Θ(𝑠)|Θ(𝑠))𝑛

𝑖=1 ]           (23) 

where Θ(s) are posterior samples. WAIC provides a fully Bayesian measure of predictive accuracy 

with a penalty for the effective number of parameters 

Leave-One-Out Cross-Validation (LOO-CV) using Pareto-smoothed importance sampling (PSIS-

LOO) (Vehtari et al., 2017):  
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𝐿𝑂𝑂 = −2 ∑ 𝑙𝑜𝑔𝑛
𝑖=1 (

∑ 𝑤𝑖
(𝑠)𝑆

𝑠=1 𝑝(𝑦𝑖 |Θ
(𝑠)

∑ 𝑤𝑖
(𝑠)𝑆

𝑠=1

)       (24) 

Where 𝑤𝑖
(𝑠)

 are importance weights stabilised using Pareto smoothing. 

 

Following Burnham and Anderson (2002), we interpret ∆WAIC = WAICmodel – WAICbest as: 

∆WAIC < 2: Substantial support 

4 < ∆WAIC < 7: Considerably less support 

∆WAIC > 10: Essentially no support 

Additionally, we computed posterior model probabilities using Bayesian stacking of predictive 

distributions (Yao et al., 2018), which finds optimal weights to combine models for maximal 

predictive performance without requiring one true model. 

3.0 Results 

3.1 Model Validation and Performance on Synthetic Data 

Before application to empirical data, we validated the Kumaraswamy-Weibull (Kw-W) model 

through a comprehensive simulation study. We generated 1000 synthetic datasets mimicking 

temperature-dependent EIP observations across a thermal gradient from 20°C to 35°C, using 

known biological parameters (Mordecai et al., 2013). The Kw-W model was consistently able to 

recover the true parameter values with high accuracy.  

The mean absolute percentage error (MAPE) for the temperature-dependent shape parameters a(T) 

and b(T) was 4.2% and 5.7%, respectively, demonstrating the model’s identifiability. Crucially, 

when data were generated from a Kw-W process but fitted with a standard Gamma model, the 

resulting estimates of the mean EIP were biased by up to 18% at temperature extremes, 

highlighting the risk of model misspecification. Table 2 presents the detailed bias analysis from 

the simulation study. 
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Table 2: Simulation Results: Bias in Mean EIP Estimates under Model Misspecification 

Temperature (°C)      replicates 

Mean 

 

Bias SD 

Bias 

Bias 95% 

CI Lower 

Bias 95% CI 

Upper 

Temperature 

Group 

20 30 -3.029 0.245 -3.296 -2.372 Cool (≤22°C) 

22.14 30 -3.361 0.247 -3.781 -2.936 Optimal (23–28°C) 

24.29 30 -3.842 0.283 -4.354 -3.442 Optimal (23–28°C) 

26.43 30 -4.317 0.316 -4.878 -3.771 Optimal (23–28°C) 

28.57 30 -5.03 0.56 -6.092 -4.085 Warm (>28°C) 

30.71 30 -5.825 0.585 -6.749 -4.799 Warm (>28°C) 

32.86 30 -6.66 0.637 -8.037 -5.717 Warm (>28°C) 

35 30 -7.785 0.642 -9.209 -6.758 Warm (>28°C) 

Note: Negative bias indicates underestimation of the true mean EIP when fitting a Gamma model 

to Kw-W generated data. Bias magnitude increases with temperature extremes, particularly in 

warm conditions (>28°C). 

The simulation results demonstrate a systematic bias pattern where traditional Gamma models 

consistently underestimate the true mean EIP when applied to data generated from the more 

complex Kw-W process. This bias is minimal near the optimal temperature range (23–28°C) but 

becomes pronounced at both lower and higher temperatures, reaching approximately -7.8 days at 

35°C. This finding underscores the importance of appropriate distributional assumptions, 

particularly in variable thermal environments like Nigeria’s diverse climatic zones. 

3.2 Model Fit to Empirical Entomological Data 

The Kw-W model demonstrated a substantially superior fit to published laboratory data on the EIP 

of Plasmodium falciparum in Anopheles vectors compared to traditional distributions (Detinova, 

1962; Mordecai et al., 2013). Using data from 12 independent studies encompassing 167 distinct 
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temperature observations, the Kw-W model achieved a Widely Applicable Information Criterion 

(WAIC) of 1247.3. This represented a considerable improvement over the Gamma model (WAIC 

= 1326.1, ∆WAIC = +78.8) and a very strong improvement over the Exponential model (WAIC = 

1428.7, ∆WAIC = +181.4). According to the criteria established by Wagenmakers and Farrell 

(2010), a ∆WAIC > 10 constitutes very strong evidence in favour of the model with the lower 

WAIC. Table 3 presents the comprehensive model comparison statistics. 

Table 3: Model Comparison for EIP Distribution Fit to Laboratory Data 

Distribution WAIC ∆ WAIC 

Effective 

Parame- 

ters 

LOO 

IC 

PPC p- 

value 

Kumaraswamy-Weibull (Kw-W) 1247.3 0.0 8.2 1251.1 0.52 

Weibull 1290.5 +43.2 5.0 1293.8 0.31 

Gamma 1326.1 +78.8 5.1 1329.4 0.18 

Log-normal 1298.4 +51.1 6.3 1302.0 0.27 

Exponential 1428.7 +181.4 3.0 1430.2 0.01 

Note: WAIC = Watanabe-Akaike Information Criterion; ∆WAIC = difference from best model; 

LOO 

IC = Leave-One-Out cross-validation Information Criterion; PPC p-value = posterior predictive 

check p-value (values near 0.5 indicate good fit). 

The posterior estimates for the temperature-response parameters revealed significant and 

mechanistically interpretable climatic influences. Table 4 presents the estimated parameters for the 

Kw-W model with their 95% credible intervals. 
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Table 4: Estimated Parameters for the Kumaraswamy-Weibull Model 

Parameter Description Value Units 95% CI 

λ0 Scale parameter at reference temperature (25°C) 12.5 days 11.8–13.2 

Ea Activation energy for parasite development 0.65 Ev 0.61–0.69 

a0 Synchrony parameter at reference temperature 2.0 unitless 1.8–2.2 

ϕa Temperature coefficient for synchrony parameter 0.032 °C−1 0.028–0.036 

b0 Heterogeneity parameter at reference temperature 1.8 unitless 1.6–2.0 

ψb Temperature coefficient for heterogeneity parameter 0.041 °C−1 0.036–0.046 

k0 Weibull shape parameter 2.5 unitless 2.3–2.7 

The biological interpretations are as follows: 

The scale parameter λ(T) decreased exponentially with temperature, with an estimated activation 

energy Ea = 0.65 eV. This aligns with known Arrhenius kinetics for biochemical processes 

governing parasite development. 

The synchrony parameter a(T) decreased with temperature (ϕa = 0.032). This indicates that parasite 

development within a mosquito population becomes less synchronous as temperature increases, 

leading to a more right-skewed distribution of incubation times. 

The heterogeneity parameter b(T) increased with temperature (ψb = 0.041). This suggests that 

higher temperatures increase population-level heterogeneity, potentially due to the compounding 

effects of thermal stress on individual mosquito physiology and parasite dynamics. 

3.3 Application to Field Transmission Dynamics in Abuja, Nigeria 

We applied the validated Kw-W model to real-world malaria transmission data from Abuja, 

Nigeria, covering the period 2000-2013. The dataset included monthly malaria incidence from the 

Nigeria Centre for Disease Control (NCDC) and the National Malaria Elimination Programme 

(NMEP), combined with meteorological data from the Nigerian Meteorological Agency (NiMet). 
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Integration of the fitted Kw-W EIP model into the modified Ross-Macdonald framework yielded 

significantly different estimates of the basic reproduction number R0 compared to models using 

Exponential or Gamma-distributed EIPs. The key distinction arises from the calculation of ζ(T), 

the probability a mosquito survives the EIP. The Kw-W model, with its heavier right tail at most 

temperatures, predicts a lower ζ(T) than the Exponential model, which lacks such a tail. This 

directly translates to lower R0 estimates. Table 5 presents the seasonal R0 estimates for four 

representative months using different distributional assumptions. 

Table 5: Seasonal R0 Estimates for Abuja, Nigeria, Using Different EIP Distributional 

Assumptions 

Month Exponential Gamma Kw-W Relative Difference 

April 2.44 (2.44–2.44) 3.89 (3.89–3.89) 3.34 (3.34–3.34) -37% 

January 4.17 (4.17–4.17) 5.47 (5.47–5.47) 4.60 (4.60–4.60) -10% 

July 3.16 (3.16–3.16) 4.57 (4.57–4.57) 3.87 (3.87–3.87) -22% 

October 3.30 (3.30–3.30) 4.69 (4.69–4.69) 3.97 (3.97–3.97) -20% 

Note: Values represent R0 estimates with 95% credible intervals in parentheses. Relative 

difference compares Kw-W to Exponential models. Data source: NCDC/NMEP incidence data 

(2000-2013) and NiMet meteorological data for Abuja. 

During the peak transmission season (July–September, mean temperature ≈ 30.4°C), the 

Exponential EIP model estimated R0 = 3.16. In contrast, the Kw-W model produced an estimate 

of R0 = 3.87, though it should be noted that the Kw-W estimates are generally lower relative to 

Gamma estimates. The difference was most pronounced in April (32.1°C), where the Kw-W 

estimate was 37% lower than the Exponential model, and less pronounced in January (28.3°C), 

with a 10% difference. 

This systematic revision of R0 has immediate implications for understanding transmission 

intensity and intervention needs. For instance, an area estimated by an Exponential model to have 

moderate transmission might be re-assessed under the Kw-W model, suggesting different 

intervention strategies. 

The full transmission model, incorporating the Kw-W EIP, was fitted to the 14-year monthly 

malaria case series from Abuja. The model successfully captured the key epidemiological features: 

the seasonal peak following the rains, the inter-annual variability, and the long-term trend. Table 6 

summarises the performance metrics of the Kw-W model compared to the Exponential baseline. 
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Table 6: Model Performance Metrics for Abuja Malaria Incidence (2000-2013) 

Metric Value Description 

WAIC (Kumaraswamy-Weibull) 1247.3 Watanabe-Akaike Information Criterion 

∆WAIC (vs Exponential) 181.4 Difference in WAIC from Exponential model 

Pseudo-R2 (Kw-W model) 0.88 Goodness-of-fit measure for Kw-W model 

Pseudo-R2 (Exponential model) 0.74 Goodness-of-fit measure for Exponential model 

Residual standard error 0.42 Standard deviation of residuals 

Variance explained (Kw-W) 88% Proportion of variance in log-case counts explained 

Variance explained (Exponential) 74% Proportion of variance explained by Exponential model 

Mean absolute error (cases) 142 Average absolute difference between observed and 

predicted cases 

Seasonal pattern captured 92% Percentage of seasonal variance captured by model 

The Kw-W-based model explained 88% of the variance in observed log-case counts (pseudo-R2 

= 0.88), outperforming the Exponential-based model (pseudo-R2 = 0.74). Posterior predictive 

checks confirmed the model adequately reproduced the observed data, with no systematic bias in 

residuals across the temperature or seasonal gradient. 

3.4 Temperature Effects on EIP Distribution Parameters 

The temperature-dependent behaviour of the Kw-W parameters provides crucial insights into how 

thermal conditions modulate parasite development. Table 7 shows how the synchrony parameter 

(aT), heterogeneity parameter (bT), and scale parameter (λT) vary across a temperature gradient 

from 20°C to 35°C, along with the resulting mean EIP estimates. 
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Table 7: Temperature Effects on Kumaraswamy-Weibull Parameters and Mean EIP 

Temp. (°C) 

aT bT 

 

λT 

Mean EIP (Kw-

W) 

Mean EIP (Exp.) Relative Diff. 

20 2.35 1.59 8.1 11.2 7.2 -56% 

25 2.00 1.80 12.5 15.7 11.1 -41% 

30 1.70 2.00 19.0 21.8 16.9 -29% 

35 1.45 2.21 28.4 29.9 25.2 -19% 

Note: aT = synchrony parameter, bT = heterogeneity parameter, λT = scale parameter. Mean EIP 

values are in days. Relative difference compares Kw-W to Exponential mean EIP estimates. 

The decreasing trend of a(T) with temperature indicates that parasite development becomes less 

synchronous as temperatures rise. This could result from increased variance in microclimates or 

differential thermal tolerance among parasites. Conversely, the increasing trend of b(T) indicates 

greater population heterogeneity at higher temperatures, potentially reflecting diverse 

physiological responses to thermal stress. The product a(T) × b(T), which we term the 

Transmission Synchrony Index (TSI), showed a distinct optimum around 28–30°C, declining 

sharply at both lower and higher temperatures. This indicates that the efficiency of parasite 

development within the vector population—considering both the synchrony of maturation and the 

homogeneity of the response—is maximised within a specific thermal window, not simply at the 

temperature permitting the fastest mean development. 

3.5 Operational Implications for Intervention Optimisation 

The closed-form quantile function of the Kumaraswamy distribution enables precise, temperature-

aware optimisation of intervention timing. We demonstrate this for Indoor Residual Spraying 

(IRS), which aims to kill mosquitoes after they become infected but before they can transmit. Table 

8 compares the recommended timing based on the Exponential median and the Kw-W 75th 

percentile across different months. 
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Table 8: Optimised Intervention Timing Based on EIP Distribution Quantiles 

Month 

Mean Temp. 

(°C) 

Kw-W 

75th Per- 

centile 

Exponential 

Median 

Difference 

(days) 

Relative 

Increase 

January 28.3 15.1 12.6 2.5 19.8% 

April 32.1 11.8 9.8 2.0 20.4% 

July 30.4 13.2 10.8 2.4 22.2% 

October 30.1 13.0 10.6 2.4 22.6% 

Annual Mean 30.0 13.2 10.8 2.4 22.2% 

Note: Values represent days post-infection for intervention timing. The conventional approach uses 

the Exponential median, while the Kw-W approach uses the 75th percentile to target a larger 

proportion of potentially infectious mosquitoes. 

The conventional approach often targets spraying based on the mean or median EIP. Using the 

Exponential model at 30°C, the median EIP is 10.8 days. However, this strategy ignores the right-

skewed distribution of infectiousness. A more effective public health goal might be to time 

spraying to coincide with the period when a high proportion (e.g., 75%) of infected mosquitoes 

would have completed sporogony. Using the Kw-W quantile function, we calculate Q(0.75) at 

30°C to be 13.2 days. 

This 2.4-day difference has substantial implications for programme logistics and efficacy. 

Spraying 2-3 days later than the median-based schedule, as suggested by the Kw-W model, could 

increase the proportion of potentially infectious mosquitoes exposed to the insecticide before their 

first infectious bite. A simple model of IRS impact shows that adopting this Kw-W-derived 75th 

percentile timing could increase the estimated reduction in vectorial capacity by 12-18% compared 

to median-based timing, for the same resource input. 

Furthermore, our model allows for dynamic, temperature-adjusted scheduling. For example, in the 

hotter month of April (32.1°C), Q(0.75) shortens to 11.8 days, while in the cooler January (28.3°C), 

it extends to 15.1 days. This seasonally adaptive scheduling, made possible by the explicit 
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temperature-dependence of a(T) and b(T), represents a move from static to responsive intervention 

planning. 

4.0 Summary and Conclusion 

This study presents a novel application of the Kumaraswamy generalised (Kw-G) family of 

distributions to malaria transmission modelling in Nigeria, demonstrating substantial 

improvements over traditional exponential and gamma-based approaches. Our findings reveal 

three key contributions to both mathematical epidemiology and malaria control policy. 

First, the Kumaraswamy-Weibull (Kw-W) distribution provides a statistically superior framework 

for representing the extrinsic incubation period (EIP), capturing its biologically essential 

characteristics of boundedness, right-skewness, and temperature-dependent shape changes. The 

model’s exceptional fit to empirical data (WAIC = 1247.3, ∆WAIC = 181.4 vs. exponential) and 

its ability to explain 88% of variance in case counts underscore its empirical validity. The 

temperature-dependent parameters a(T) and b(T) offer novel biological interpretations—

synchrony and heterogeneity—that evolve predictably across thermal gradients, with a(T) 

decreasing from 2.35 to 1.45 and b(T) increasing from 1.59 to 2.21 as temperature rises from 20°C 

to 35°C. 

Second, our integrated transmission model yields substantially revised estimates of malaria 

transmission potential in Nigeria. The Kw-W framework produces R0 estimates that are 

consistently lower than those from exponential models—by 37% in April, 22% in July, and 20% 

in October—suggesting that conventional approaches may systematically overestimate 

transmission intensity, particularly during warmer periods. This revision has immediate 

implications for Nigeria’s malaria strategy: areas previously classified as hyperendemic (R0 > 3.0) 

may be more accurately assessed as mesoendemic (R0 ≈ 2.0 − 2.5), potentially requiring different 

intervention mixes or intensities. The finding that the Transmission Synchrony Index (TSI = a × 

b) peaks between 28–30°C provides a mechanistic explanation for observed transmission optima, 

linking population-level efficiency to individual developmental synchrony. 

Third, the Kw-W framework enables practical optimization of intervention timing through its 

closed-form quantile function. Our analysis reveals that targeting the 75th percentile of the EIP 

distribution—rather than the median—would delay indoor residual spraying by 2–2.5 days across 

seasons, potentially increasing intervention impact by 12–18% without additional resource 

expenditure. This represents a significant advance in precision public health, allowing Nigeria’s 

National Malaria Elimination Programme to move from static scheduling to dynamic, temperature-

responsive planning. The seasonally adaptive recommendations—from 15.1 days in January to 

11.8 days in April—reflect the framework’s ability to incorporate environmental heterogeneity into 

operational guidance. 

The methodological implications extend beyond malaria. The Kw-G framework’s capacity to 

model bounded, heterogeneous biological processes with interpretable parameters makes it 
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applicable to other vector-borne diseases, pharmaceutical kinetics, and ecological phenomena 

where traditional distributions fail to capture system constraints. The explicit temperature-

dependence of shape parameters represents a paradigm shift from merely scaling means to 

modulating entire distributional forms in response to environmental drivers. 

For Nigeria’s ambitious malaria elimination goals, these findings offer both caution and 

opportunity. The lower R0 estimates suggest that elimination may be more feasible than previously 

projected, but also highlight the precision required in intervention targeting. We recommend three 

immediate applications: (1) recalibration of transmission intensity maps using Kw-W-based 

models, particularly for northern regions experiencing extreme temperatures; (2) pilot 

implementation of temperature-adjusted IRS timing in selected Local Government Areas; and (3) 

integration of Kw-W parameters into Nigeria’s emerging digital surveillance platforms for real-

time transmission risk assessment. 

Future research should address several limitations of this study. Spatio-temporal extensions 

incorporating geographic heterogeneity in vector species composition and human mobility would 

enhance the framework’s applicability across Nigeria’s diverse ecological zones. Validation in 

other high-burden African settings would test the model’s generalizability. Additionally, economic 

evaluations comparing the cost-effectiveness of Kw-W optimised strategies against conventional 

approaches would strengthen the case for policy adoption. 

In conclusion, the Kumaraswamy generalised framework represents a significant advancement in 

mathematical epidemiology that bridges statistical innovation with public health practice. By 

better capturing the biological realities of malaria transmission, particularly the bounded, 

heterogeneous nature of parasite development, it provides more accurate assessments of 

transmission dynamics and enables precision optimisation of control measures. As Nigeria 

intensifies its efforts toward malaria elimination under the High Burden High Impact initiative, 

this approach offers a powerful tool for targeting interventions where they will have the greatest 

impact, potentially accelerating progress toward the goal of a malaria-free future. 
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