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1.0 Introduction 

Time series analysis uses spectral density analysis for several purposes, 

including data reduction, description, estimation, and hypothesis testing. 

Estimating spectral density functions and other spectral qualities associated 

with stationary multiple time series is crucial in any field where the features of 

the phenomenon under study can be described in terms of how it behaves in the 

frequency domain (Parzen, 1967).  Nevertheless, Spectral analysis methods 

provide further tools for assessing how well different models fit the data 

(goodness-of-fit can be determined using sample spectra from the model's 

residuals) and for recommending potential models to fit (sample spectra often 

point out explanatory "variables" or "mechanisms" to incorporate into a time 

series). (Krampe & Paparoditis. 2022).  The study modified the existing 

ARFIMA model of (Granger & Joyeux 1980; Hosking 1981) using a recursive 

sequence differencing operator that can handle large data sets without 

truncation, as observed by researchers such (Tanaka 1999) and Rahman and 

Jibrin 2019). The modified model is presented in Section 2. The significance of 

this research lies in the fact that the new model will forecast and estimate the 

parameters more easily than the existing model. Additionally, the primary goal 

of this paper is to derive the spectral density of the modified model. The spectral 

density of the modified model has been derived, and the summary results are 

presented in Section 5. 
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2.0 Review of Literature 

Granger and Joyeux (1980) investigate the infinite filter's fractional 

differencing terms, which corresponds to the expansion of (1 − 𝐵)𝑑. When the 

filter is applied to white noise, it creates a class of time series with different 

features, especially at low frequencies, which could be beneficial for long-

memory forecasting. The aggregation of independent components is 

demonstrated to be a possible source of such models. The generation and 

estimation of these models are discussed, as well as their applicability to both 

simulated and real-life data. The use of infinite binomial series expansion has a 

limitation in that it truncates huge data into little data and does not capture the 

integer difference parameter d = 1. 

Hosking (1981) studies the generalisation of ARIMA processes, commonly 

used in time series analysis, by considering fractional difference degrees. 

Introduce a fractional differencing operator that is based on an infinite binomial 

series expansion using the backwards-shift operator. This allowed for the 

modelling of both long-term persistence and anti-persistence in time series. 

Long-term persistent processes are useful in fields such as economics and 

hydrology, and the new family of models offers more flexibility in modelling 

both short and long memory behaviour of a time series at the same time. 

However, the limitations are the same as those previously established by 

Granger and Joyeux in 1980. 

Beran et al. (1999) explore SEMIFARMA models through a kernel-based 

approach to estimate a nonparametric deterministic trend. They employ an 

approximate maximum likelihood method to estimate the fractional and 

difference parameters, as well as the autoregressive coefficients. Using the 

iterative plug-in concept for determining bandwidth in nonparametric 

regression with extended memory, a data-driven approach is proposed for 

estimating the entire model. However, the SEMIFARMA model has three key 

drawbacks: it does not account for parametric trends, relies on binomial series 

expansion to simplify large datasets, and fails to capture the integer differencing 

parameter when d =1 

Meerschaert et al. (2014) present a new time series model for turbulent flow 

velocity data. To extend Kolmogorov's basic 5/3 spectral model, the new model 

uses tempered fractional calculus. To demonstrate the model's practical utility, 

it is applied to wind speed and water velocity in a huge lake. One limitation is 

that using binomial series expansion reduces large amounts of data to small 
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amounts of data; second, the integer differencing parameter d = 1 is not 

captured; and third, the seasonal differencing parameter is not captured.  

Pumi et al. (2019) developed a beta ARFIMA model designed for continuous 

random variables that take values within the range (0,1). The model 

incorporates explanatory variables and captures long-range dependence in the 

time series data. The authors also demonstrate the consistency and asymptotic 

normality of the estimator under specific conditions. It supports hypothesis 

testing, diagnostic analysis, and forecasting. To evaluate the performance of the 

partial likelihood estimators in finite samples, they conducted a Monte Carlo 

simulation. However, the model has limitations, such as the non-discreteness of 

the random sample and its similarity to the work of Granger and Joyeux (1980). 

In their study, Monge and Infante (2022) utilised autoregressive fractionally 

integrated moving average (ARFIMA) models to examine the historical data on 

crude oil prices and determine whether shocks to the series result in lasting or 

short-term effects. An ARFIMA (2,d,2) model was found to be optimal, with 

the fractional differencing parameter estimated at 0.4. However, the large 

confidence interval prevents a clear rejection of either the I(0) or I(1) 

hypotheses. The observed uncertainty is likely a result of structural breaks or 

nonlinear trends present in the dataset. 

Elwasify et al. (2023) examined whether long-term memory exists in the daily 

movements of the EGX30 stock index. Their analysis used an ARFIMA model 

with a mix of parametric and semi-parametric techniques. To identify long 

memory, they used various statistical tools such as the rescaled range (R/S) 

statistic, aggregated variance, and absolute moments. For estimation, they 

relied on semi-parametric methods like the Geweke and Porter-Hudak (GPH) 

method, Reisen's (SPR) method, and the local Whittle (LW) estimator, while 

employing parametric techniques like MLE, exact maximum likelihood (EML), 

modified profile likelihood (MPL), and conditional sum of squares (CSS). 

In 2024, Furuoka et al. introduced a novel approach for testing fractional 

integration, known as the autoregressive neural network–fractional integration 

(ARNN–FI) test. This method is based on a multilayer perceptron neural 

network framework, as outlined by Yaya et al. (Oxford Bulletin of Economics 

and Statistics, 83(4):960–981, 2021). The study discusses the asymptotic theory 

and properties of the new test. Monte Carlo simulations show that as the sample 

size increases, the test's size and power distortions reduce. An empirical 

application of the test suggests that unemployment rates in three European 
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countries do not show stationarity or mean reversion, supporting the hysteresis 

hypothesis. 

Devianto et al. (2024) examined large-scale time series data for agricultural 

commodities by using an autocorrelation model that incorporates long-term 

trends, seasonal effects, and the impact of external variables. They chose chili 

prices as a case study due to their demonstration of long-term memory, seasonal 

variations, and sensitivity to external factors influencing production. These 

factors included specific periods, such as the month before the New Year and 

the week preceding the Eid al-Fitr celebration in Indonesia. To analyse price 

variations, the study applied the Seasonal Autoregressive Fractionally 

Integrated Moving Average (SARFIMA) model, which accounts for both 

seasonality and long-term memory. This model was enhanced by adding 

exogenous variables, resulting in the SARFIMAX model (SARFIMA with 

exogenous variables). A comparative analysis revealed that SARFIMAX 

outperformed SARFIMA in terms of accuracy, emphasising the significance of 

incorporating both seasonal effects and historical price data along with external 

factors. The enhanced SARFIMAX model provided a deeper understanding of 

price dynamics, offering valuable insights for sustaining chilli supply chains in 

the era of big data. 

Swarnalatha et al. (2024) investigated the presence of long memory in time 

series, which is characterised by an autocorrelation function that decays slowly 

or follows a hyperbolic pattern. To accurately capture this behaviour, they 

applied the autoregressive fractionally integrated moving average (ARFIMA) 

model, well-suited for analysing historical financial data. The study focused on 

assessing the ARFIMA model's effectiveness in modelling long memory 

processes, using the Geweke and Porter-Hudak (GPH) method for parameter 

estimation. They analyzed monthly groundnut prices in Andhra Pradesh from 

January 2002 to December 2023. The ARFIMA (1, 0.43, 1) model provided the 

best fit, demonstrating strong short-term forecasting performance. It closely 

aligned with actual prices and outperformed the SARIMA(1,1,3)(0,1,2)12 

model in terms of AIC, MSE, and RMSE. The findings indicated that the 

ARFIMA model offered more accurate price predictions than the SARIMA 

model.  

3.0 Methodology 

This research was intended to introduce a Modified-ARFIMA model that could 

be used to study the large financial and economic time series data. Given a time 

series Y1, ...,Ym, the observations are assumed to be trending, non-stationary and 
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long memory. Also, they are assumed to have positive autocorrelation and long 

memory, denoted as d. The d is assumed to be in the range 1 < d < 1.5. Given 

a series Ym, m ≥ 0 that is assumed or exhibit trendy (increasing and decreasing) 

and long memory. The fractional filter can be defined as follows: equation (1) 

is the differencing operator, 

 

∇Ym = Ym − Ym-1 (1) 

therefore, 

d(∇Ym-1) = d(Ym-1 − Ym-2)  (2) 

 

minus equation (2) from equation (1) become 

Qm = ∇Ym − d(∇Ym-1) 

where Qm is the filter, ∇ is the differencing operator and d is a sequence 

fractional differencing operator. 

 

Note, 

∇Ym-1 = Ym−1 − Ym−2 

= Ym − Ym−1 − d(Ym-1 – Ym-2) 

Qm = Ym − dYm−1 − Ym−1 + dYm−2  (3) 

 

Using lag operators, the fractional filter in equation (3) can be represented as 

follows: 

= L0Ym − dL1Ym − L1Ym + dL2Ym 

= {1(1 − L) − dL(1 − L)}Ym 

Qm = {(1 − L)(1 − dL)}Ym                                                                                (4) 

 

The method for obtaining the fractional filters to induce nonstationarity is as 

follows: 

Qm = {(1 − L)(1 − dL)}Ym = Ym − Ym−1 − d(Ym−1 − Ym−2) (5) 

Qm−1 = {(1 − L)(1 − dL)}Ym−1 = Ym−1 − Ym−2 − d(Ym−2 − Ym−3) (6) 

Qm−n = {(1 − L)(1 − dL)}Ym−n = Ym−n − Ym−n−1 − d(Ym−n−1 − Ym−n−2) (7) 

= Ym−n − Ym−n−1 − d(Ym−n−1 − Ym−n−2) = Ym−n − Ym−n−1 − dYm−n−1 + dYm−n−2                                            

(8) 

 

then, by applying the lag operator in equation (8) (see Rahman and Jibrin, 

2019), we can have   

 
1 1 2n n n n

m m m mL Y dL Y L Y dL Y+ + += − − +                                    (9)  

factor Ym that is common in equation (9) we can have                                           
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  =(Ln- dLn+1 − Ln+1 + dLn+2)Ym                                        (10) 

Finally, the proposed fractional filter has the following general form: 

1 1 2

0

( )
N

n n n n

m m

n

Q L dL L dL Y+ + +

=

= − − +   (11) 

The ARMA model of Whittle (1951) φ(L)Ym = θ(L)εm which became known to 

researches in time series is given as follows in the book of Box and Jenkins’s 

(1970). 

                                                                                                  ( ) ( )m mL Y L  =                                                  

   (12) 

( )( ) ( )m m mL Q Y L  =                                                    (13) 

 

where ϕ(L) and θ(L) are characteristic polynomials of the AR and MA process, 

Qm is the sequence fractional filter, Ym is the series, L is the lag operator, and εm 

∼ WN(0, σ2). The lag representation of the proposed Modified-ARFIMA model 

shown below in equation (14) 

  

φ(L){(1 − L)(1 − dL)}Ym = θ(L)εm                                              (14) 

 

Where 
2

1 2( ) 1 p

pL L L L   = − − − − and 
2

1 2( ) 1 q

qL L L L   = − − − − are 

characteristic polynomials of AR and MA process, d is the fractional 

differencing filter, L is the backwards shift operator, and εm ∼ WN(0, σ2) 

(Rahman and Jibrin, 2019). 

 

1. The Spectral Density of the Modified-ARFIMA Model 

The spectral density is a frequency domain representation of a time series that 

is directly related to the autocovariance time domain representation. In addition, 

it can be used to define a function of frequency instead of time, do regression, 

in which we regress, and split a time series into periodic components (Shumway 

and Stoffer, 2000).  

 

To calculate or derive the Modified-ARFIMA model spectral density function 

can be recall from equation (14) 

φ(L){(1 − L)(1 − dL)}Ym = θ(L)ε  

the spectral density for the above equation (15) (see Cryer and Kung, 

2015), can be represented as this 

 

(15) 

2
2 ( )

( )
2 ( )( ) ( )

i

i i i

e
S

e e d e



  

 


 

−

− − −
=                                    (16) 
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2
2

2 2 2

( )

2 ( ) ( ) ( )

i

i i i

e

e e d e



  

 

 

−

− − −
=                                     (17) 

 

then, let consider the numerator of the above equation (17) and prove the 

spectral. 

2 2

( ) (1 ) (1 )(1 )i i i ie e e e      − − −= − = − −                     (18) 

= (1 − θe−iλ)(1 − θeiλ) 

= (1 – θ-iλ − θe−iλ + θ2e−iλ × eiλ) 

= 1 − θe
iλ − θe

−iλ + θ2e−iλ+iλ 

= 1 − θeiλ − θe−iλ + θ2e0 

= 1 − θ[eiλ + e−iλ] + θ2 × 1 

= 1 + θ2 − θ[eiλ + e−iλ] 

                           note that,  eiλ=cos(iλ) + i sin(iλ), also e−iλ = cos(−iλ) + i sin(−iλ) 

= 1 + θ2 − θ[cos(iλ) + i sin(iλ) + cos(−iλ) + i sin(−iλ)] 

                               note that, cos(−iλ)=cos(iλ) but i sin(−iλ)=−i sin(iλ) 

= 1 + θ2 − θ[cos(iλ) + i sin(iλ) + cos(iλ) − i sin(iλ)] 

= 1 + θ2 − θ[cos(iλ) + cos(iλ)] 

= 1 + θ2 − θ[2 cos(iλ)] 

= 1 + θ2 − 2θ cos(iλ)                                                    

secondly let consider the denominator 

                   (19) 

2 2 2 2

( )( ) ( ) ( ) ( ) ( )i i i i i ie e d e e e d e      − − − − − −=               (20) 

 
2 2

( ) (1 ) (1 )(1 )i i i ie e e e      − − −= − = − −   

(1 − ϕe−iλ)(1 − ϕeiλ) = 1 − ϕeiλ − ϕe−iλ + ϕ2e−iλ × ϕeiλ 

= 1 − ϕeiλ − ϕe−iλ + ϕ2e−iλ+iλ 

= 1 − ϕeiλ − ϕe−iλ + ϕ2e0 

= 1 − ϕeiλ − ϕe−iλ + ϕ2 × 1 

= 1 + ϕ2 − ϕ[eiλ + e−iλ] 

= 1 + ϕ2 − ϕ[cos(iλ) + i sin(iλ) + cos(−iλ) + i sin(−iλ)] 

 

= 1 + ϕ2 − ϕ[cos(iλ) + i sin(iλ) + cos(iλ) − i sin(iλ)] 

= 1 + ϕ2 − ϕ[cos(iλ) + cos(iλ)] 

= 1 + ϕ2 − ϕ[2 cos(iλ)] 

= 1 + ϕ2 − 2ϕ cos(iλ)                                

the second prove for spectral denominator 

 

          

(21) 

2 2

1 (1 )(1 )i i i ie e e e   − − −= − = − −                                     (22) 
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(1 − e−iλ)(1 − eiλ) = (1 − e−iλ − eiλ + e−iλ × eiλ) 

= 1 − e−iλ − eiλ + e
−iλ+iλ 

= 1 − e−iλ − eiλ + e0 

= 1 − e−iλ − eiλ + 1 

= 2 − [eiλ + e−iλ] 

= 2 − [cos(iλ) + i sin(iλ) + cos(−iλ) + i sin(−iλ)] 

= 2 − [cos(iλ) + i sin(iλ) + cos(iλ) − i sin(iλ)] 

= 2 − [cos(iλ) + cos(iλ)] 

= 2 − 2 cos(iλ)    

                                    

thirdly prove of spectral denominator 

 

                      (23) 

                               
2 2

(1 ) (1 )(1 )i i i ide de de de   − − −= − = − −                          (24) 

= (1 − de−iλ)(1 − deiλ) = (1 − de−iλ − deiλ + d2e−iλ × eiλ) 

= 1 − de−iλ − deiλ + d2e−iλ+iλ 

= 1 − de−iλ − deiλ + d2e0 

= 1 − de−iλ − deiλ + d2 × 1 

= 1 + d2 − d[eiλ + e−iλ] 

= 1 + d2 − d[cos(iλ) + i sin(iλ) + cos(−iλ) + i sin(−iλ)] 

= 1 + d2 − d[cos(iλ) + i sin(iλ) + cos(iλ) − i sin(iλ)] 

= 1 + d2 − d[cos(iλ) + cos(iλ)] 

= 1 + d2 − d[2 cos(iλ)] 

= 1 + d2 − 2d cos(iλ)                                                    (25) 

 

Therefore, the spectral density for the Modified-ARFIMA model is presented 

by the combination of the following equations (19), (21), (23) and (25) (Cryer 

and Kung, 2015) below  

 
2 2

2 2

[1 2 cos( )]
( )

2 [1 2 cos( )][2 2cos( )][1 2 cos( )]

i
S

i i d d i

   


     

+ −
=

+ − − + −
                             (26) 

 

5.0       Summary 

 
The spectral density for the Modified Autoregressive Fractional Integrated 

Moving Average MARFIMA (p, d, q) model has three components. These 

components are the Moving Average component denoted by θj, the 

Autoregressive component denoted by ϕj, and the Fractional filter (1-L)(1-dL) 

component. The spectral density component for modified ARFIMA model as 

derived in section 3 is summarised and for crystal clear are given as follows. 

 

i. MA(q) = 1 + θ2 − 2θ cos(iλ)                                 

ii. AR(p) = 1 + ϕ2 − 2ϕ cos(iλ)  
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iii. Fractional Filter    = [2 − 2 cos(iλ)] [1 + d2 − 2d cos(λj)]                        

The identified optimal model was ARFIMA (2, d, 2), with the fractional 

differencing parameter estimated at 0.4. However, the wide confidence interval 

hinders the ability to decisively reject the I(0) or I(1) hypotheses. This 

uncertainty is probably due to the influence of structural breaks or nonlinear 

trends within the data. 
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